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ABSTRACT:  With  the  restriction  that  the  friction  coefficient  is 
expressible  as  a  power  function  of  the  local  boundary-layer 
Reynolds  number,  the  Mangier  transformation  between  axisymmetric 
and  two-dimensional  laminar  boundary-layer  flow  is  generalized 
to  turbulent  flow.  Relations  are  obtained  between  turbulent 
boundary-layer  quantities  in  an  axisymmetric  flow  and  those  at 
corresponding  points  in  a  substitute  two-dimensional  flow.  The 
transformation  is  applied  to  the  supersonic  turbulent  boundary 
layer  on  a  cone  with  an  attached  shock  wave  and  yields  simple 
relations  between  boundary-layer  quantities  for  a  cone  and  those 
for  a  corresponding  flat-plate  flow.  A  non-dimensionalization 
of  the  equations  of  continuity,  motion,  and  total-enthalpy  gives 
the  variation  with  Reynolds  number  of  a  number  of  turbulent 
boundary-layer  quantities. 


U.  S.  NAVAL  ORDNANCE  LABORATORY 
WHITE  OAK,  MARYLAND 


l 


NOLTR  69-47  12  June  1969 

A  Generalization  to  Turbulent  Boundary  Layers  of  Mangier' s 
Transformation  Between  Axisymmetric  and  Two-Dimensional  Laminar 
Boundary  Layers 


This  report  presents  a  derivation  of  a  method  for  obtaining  the 
properties  of  a  turbulent  boundary  layer  on  a  body  of  revolution 
from  the  properties  on  a  corresponding  two-dimensional  body.  The 
method  is  a  generalization  to  turbulent  flow  of  Mangier' s  well- 
known  transformation  for  laminar  flow;  Mangier 's  transformation 
is  a  special  case  of  the  generalized  transformation. 
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Superscripts 

TT  =  time  mean  value  of  (  ) 

()'  =  difference  between  time  .ean  and  instantaneous  value  of  (  ) 


Subscripts 

() _  =  value  of 

()  =  value  of 

6 

()r  -  value  of 
()  =  value  of 

W 

()1  =  value  of 
()  w  =  value  of 


(  )  at  surface  with  no  heat  transfer 
(  )  at  outer  edge  of  boundary  layer 
(  )  at  reference  enthalpy 

(  )  at  surface 

(  )  in  two-dimensional  flow 

(  )  in  free  stream  far  from  body 


()*  =  non-dimensional  value  of  (  ) 
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INTRODUCTION 

In  Reference  1,  Mangier  gives  a  method  for  relating  the 
properties  of  a  laminar  boundary  layer  on  a  body  of  revolution 
to  those  of  a  corresponding  two-dimensional  flow.  The  distribution 
of  the  radius  along  the  axis  of  the  body  of  revolution  is  used 
to  obtain  a  distribution  of  velocity  outside  the  boundary  layer 
in  a  two-dimensional  flow  from  the  distribution  of  velocity  over 
the  body  of  revolution.  The  laminar  boundary  layer  is  calculated 
for  the  velocity  distribution  in  the  two-dimensional  flow.  The 
properties  of  the  boundary  layer  on  the  body  of  revolution  are 
then  obtained  from  those  for  the  two-dimensional  flow. 

Up  to  the  present  there  does  not  seem  to  be  a  corresponding 
procedure  for  turbulent  flow.  The  purpose  of  the  present  note 
is  to  develop  one  for  turbulent  flow. 


ANALYSIS 


Transformation  between  axioymmetric  and  two-dimensional  flow 

The  equations  of  motion,  total  enthalpy,  and  continuity,  for 
a  turbulent  boundary  layer  over  a  body  of  revolution  with 


r 

—  <<  1  and  k6  <<  1  are  (Ref.  2), 
rw 


p  u  is  +  (p  v  +  ^FT)  |a 


-  pL  +  ±-  (p  4 2i  -  p 
dx  3y  3y  M 


-  -  31 


31 


P  u  3#  +  (P  v  +  P^}  3y 


|i(k|-p  w)  +  u(m  |h  -  p 

(2) 
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3r  p  u  3r  (p  v  +  p 1 v1 ) 

— - -  +  _ _ _  =  o 

3x  3y 


By  analogy  with  Mangier' s  transformation,  let 


3H* - 

3y  =  p  u  rw 


=  -(p  v  +  p1 vT)r 


P1  U1 


■  •(pi  vi + 


*iL  =  v 


L'i'i  (x-^y.^  =  V  (x,y) 


p1(x1)  =  p(x) 


hl'Xl,yl)  =  h(x,y) 


I1 (x] ,Y1)  =  1  (x'y) 


pl(xl'yl*  =  P(x,y) 


yl  txi^i>  =  p  (x,y) 


and  generalize  Mangier 's  relation 
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X1  = 


(*  rw  2 

(1T)  dx 


(15) 


to 


X, 


x  r 

fhr>  dx 


(16) 
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Therefore,  from  (13),  it  follows  that 
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(18) 
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or,  with  (6),  (7),  and  (19) 


L  - 


p  v  +  p  'v'  =  (p  v.  +  p7Tv7r)  f  (~)  - 


■w 


1  Y1  K1  V1 


Ly,  dr 
J 1  w 


P1  U1  r  2  dx 
rw 


(20) 


3 


NOLTR  69-47 


Also  from  (8), 


3 (  )  _  rw  3  (  ) 
3y  L  3yx 


(21) 


Then 


P  u  +  (P  v  +  P  1  v ' ) 


f{L  ]  tpl  U13x1)  +(plvl  +  P"l^i,)|y~) 


(22) 


Also,  from  (16) , 


«£  =  .  f!i  f  ,fw. 

dx  dx1  dx  dx1  r  L 


(23) 


Par  enough  from  the  surface  at  sufficiently  large  Reynolds 
numbers  the  term  p  ~u '  v'  is  much  larger  than  pf  so  that  the 
term  (p  —  -  p  u'v7) ,  which  is  the  total  shear  stress  t,  is 
practically  equal  to  the  turbulent  stress  -  p"  u 1  v '  .  At  the  wall, 
the  shear  is  p  The  magnitude  of  the  surface  stress  p"  is, 

however,  fixed  by  the  turbulent  shear  stress  -  pT  u'v'  further  out. 
Consequently,  the  total  snear  stress  t  is  assumed  co  behave  like  a 
turbulent  shear  everywhere  in  the  boundary  layer.  Then  with 
(18) ,  (21) ,  (22)  and  (23) ,  (1)  becomes 


f  (  L  }  [plul  +(plvl  +  p~i'V  Tirl  =  -  f  fe  +  K-) 


3u’  dpl  „rw.  r 


w^/rwx  3x 


dx,  “  '  L  '  ’  ' L  '  3y 


(24) 


To  remove  tne  (~)  terms  it  is  sufficient  that 


t  =  t. 


& 


(25) 
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Equation  (24),  then  becomes 

__  _  3u,  _  __  3u,  dp,  3x, 

piui  +  (pivi +  pTV*  if  ' "  zq  *  w;  ’  126 

the  equation  for  two-dimensional  flow. 

Equation  (2)  for  the  total  enthalpy  is  transformed  in  the 
same  way.  The  argument  for  the  assumption  that  the  total  shear 
stress  t  behaves  like  a  turbulent  shear  everywhere  in  the 
boundary  layer  is  also  applied  to  the  total  energy  transfer  Q 
with  the  result  that  Q  is  assumed  to  behave  like  a  turbulent  energy 
transfer  everywhere  in  the  boundary  layer.  Then  (2)  becomes 


__  31  __  _ 

piui  +  <piv1  +  pTvr> 


<Qi  +  Yi> 


(27) 


where 


Q  »  Q- 


«<£> 

<£> 


(28) 


By  use  of  (16)  ,  (19)  ,  (20)  ,  and  (21) ,  the  equation  of  continuity 
(3)  becomes 
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or 
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___  +  =_  =0  , 

the  continuity  equation  for  two-dimensional  flow. 


(29) 
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If  the  boundary -layer  equation  of  motion  (1)  is  integrated 
with  respect  to  y  from  y  =  0  to  y  =  6  and  the  continuity  equation 
(3)  is  used,  the  result  is  the  momentum  equation  for  the 
boundary  layer  on  a  body  of  revolution,  namely, 

ae  .  ±  6* .  _  T« 

dx  u  Ox  e  p  dx  rw  dx  -  -  -  -  2  (30) 

e  e  He  e  iee 

Equation  (30)  can  be  written  as 
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By  using  (13),  (16),  (25),  (32),  (33),  (34),  and  (20)  with  y  =  0, 
equation  (31)  becomes  the  two-dimensional  momentum  equation, 


(2  + 


+ 


(pv) 


lw 


Wi 


Peluel 


pe  ue 
1  el 


(35) 


By  integrating  the  boundary- layer  total-enthalpy  equation, 

(2) ,  from  y  =  0  to  y  =  6  and  using  the  equation  of  continuity  (3) , 
there  is  obtained  the  integral  total-enthalpy  equation  for  a 
body  of  revolution,  namely, 


jo  o  dl  o  du  o  dp  .  dr  ..  dl 

dj3  _B _ e  J _ e  J3_  He  J _ w  (6*-6)  _ e 

dx  —  dx  —  dx  —  dx  r. .  dx  —  dx 
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+  (—  -  1) 


(pv) 
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‘w 


(36) 


From  (8),  (12),  (13),  (18),  and  the  definition  of  6  and  8^, 


name iv 


and 


6  = 


6  -  - 


£-2-  (l  -  -i)  ay 


P  u 

o  Ke  e 


Bi  - 


r6l  Pi  U,  In 

(1  -  Z~)  dy. 

.  -r 


o  pe]_uei 


el 


it  follows  that 


6rw  =  B1L 


(37) 


Then,  with  the  same  procedure  that  was  used  to  obtain  (35)  from 
(31) ,  it  follows  that 
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as, 

-  r-  -  J. 

61 

d\ 

dl 

( 

A  i 

axn 

_ 

dx. 

dxn 

-  dX,  r 

dx 

1 

Iel 

1 

^ei 

1 

Pi  Ia 

el  el 
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(pv)lw 


—  -  -  Qlw 

PelUelIel 


(38) 


the  integral  total-enthalpy  equation  for  two-dimensional  flow. 

The  integral  kinetic  energy  and  other  integral  equations  for  flow 
over  a  body  of  revolution  can  be  transformed  to  two-dimensional 
equations  in  the  same  way.  The  two-dimensional  equations  can, 
of  course,  also  be  obtained  directly  from  (26) ,  (27)  and  (29) . 

Up  to  this  point  the  function  f  (-=^-)  in  (16)  has  not  been 

li 

specified.  A  method  of  determining  f  (•—)  is  to  write  (25)  for 
y  =  0,  thus 


T 


W 


*«£> 


w 

L 


(39) 


By  using  (13)  and  (18) ,  (39)  can  be  written  as 


f 


(40) 


The  friction  coefficient  is  now  expressed  as  a  function  of  Re0, 

T 

M  ,  ~  ,  and  the  shape  of  the  non-dimensional  velocity  profile, 
e  Xq 

The  function  is  taken  to  be  the  same  for  axisymmetric  as  for 

r 

two-dimensional  flow.  That  is,  — -  is  assumed  to  be  so  small 

rw 

that  any  effect  of  transverse  curvature  on  the  boundary-layer 

T 

flow  that  is  independent  of  Re,,  M  .  ,  and  the  non-dimensional 

tt  e  Xq 

velocity  profile  is  negligible.  Then 
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C£  =  F(Re0,  Me,  ^  ,  Hu) 


C£l  ’  '«%•  ^  '  \> 


where  H  (=  q— denotes  the  effects  of  the  shape  of  the  velocity 
u 

profile;  its  use  does  not  imply  that  the  profiles  are  actually  a 
single-parameter  family  with  as  the  parameter.  From  (40)  it 
follows  that 


*£>  ■  TT 


F(Re0,  M0 ,  ^  ,  V 


F(Reft  ,  M  ,  m~~  t  H  ) 

91  el  Tei  U1 

where  ReQ  =  ReQ  — •  ,  from  (32) . 

9  91  w 

If  a  power  formula  approximation  is  taken  for  the  friction 
coefficient  then 


tfhere  k  =  k  (■= —  ,  M  ,  =r-)  .  But  at  corresponding  x  and  x,  , 

S  *  6U  *  »  e 

1-  =  s-i—  ,  M  =  M  T  =  T  ,  and  T  =  T  .  Therefore,  k  in 
\  eUl  e  el'  e  el  w  W1 

(42)  and  (43)  are  equal  at  corresponding  x  and  x^.  Then  from  (40) 
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*<£> 

or  with  (32) 


2L  (_±) 

L  1  0  ' 


6i  n 


n+1 


(44) 


For  laminar  flow,  n  =  1  and  Mangler's  transformation,  (15),  is 
obtained. 

Non-dimensional  form  of  equations 

Equations  (1),  (2),  and  (3)  can  be  written  in  a  non- 
dimensional  form  so  that  the  Reynolds  number  does  not  appear, 
just  as  for  laminar  flow  (Ref.  3) .  Thus  let 
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Then  (1)  becomes,  with  (y  -  p  u'v1 )  =  x, 


0U*Uco 


P*PWU*U«>  +  tP*P<„v*u=cReL’q  +  (P1Vr)*P»u£»ReL  ]  TDq  -q 


3x*L 


9Y*LReL 


dp. 


3  x 


p  u  ^  + 

“  /v.  /vs 


dx*L  ®°  « 


3y*LReL 


p  u  2ReT  S 

“  /VS  /VS  I 


-  L/  VS  S\wr 

— q  CO  00  L 


(46) 


Equation  (46)  is  independent  of  ReL  if 


s  =  q 


(47) 


Then  (46)  becomes 
3u 


3u, 


p*u*  aF1  +  [p*v*  +  (pT7T)*]  3y7 


dp*  9t. 
dx*  +  3y, 


(48) 


an  equation  independent  of  ReL>  Now  let 
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p  u 
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or  by  use  of  (45) , 
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-)  ReL 

^  oo 


For  x*  to  be  independent  of  ReT  it  is  necessary  that 


'w 


n 

q  =  1+n 


(49) 


Equation  (27),  with  Q  =  k  -  p  FTF  and  (45),  becomes 


31, 

p*u*  3xg 


3y 

31, 


+  [p*v*  +  (p'v1)*] 


9Q*  u  2  3  (u*x*) 


3y*  9y 


*  i. 


3y. 


(50) 
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The  equation  of  continuity,  (3) ,  becomes 


3rw*p. 


[c.v»  +(p‘v')*) 


For  two-dimensional  flow,  r  =  1  in  (51) . 

w* 

The  conditions  at  the  outer  edge  of  the  boundary  layer  become 


u*e(x*)'  P<*-e(x*) 


and  at  the  surface 


u*  =  0,  v*  =  v*(x*),  I*w  =  I *M(x*)  Q*w  =  Q*w(x*)  (53) 


Because  (48)  ,  (50) ,  and  (51)  are  independent  of  Reynolds 
number  it  follows  from  (45)  and  (49)  that  both  the  velocity  profile 

or  and  the  total-enthalpy  profile  ~  or  ---  are  fixed 

uoo  ue  n  oo  Ae 

functions  of  £  ReLn+^  at  a  fixed  when  the  boundary  conditions 
given  by  (52)  and  (53)  are  independent  of  Reynolds  number  and 

Uoo^  ft  n  5*  ...ft. .. 

^ —  is  fixed.  The  indication  is  also  that  ReLnJ-l  ,  ReLn+l  , 

00 

8  n 

and  ReT n+i  are  independent  of  ReT  .  Moreover,  t.ie  local  shear 

L  L  _  n 

stress  and  local  heat  transfer  vary  as  ReL  n+T  ;  therefore, 

the  total  friction  stress  and  the  total  heat  transfer  vary  as 
-  n 

ReT  n+1  if  the  boundary  layer  is  either  entirely  laminar  or 
Xj 

entirely  turbulent.  Because  the  profile  drag  of  a  body  is 

0 

proportional  to  j-  at  the  trailing  edge,  the  profile  drag  also  varies 
-  n. 

as  ReT  n+^-  if  the  boundary  layer  is  entirely  laminar  or  entirely 
L 

turbulent. 
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Because  t*  is  independent  of  Reynolds  number,  the  indication 
is  that  the  skin  friction  drops  to  zero  at  a  point  that  is 
independent  of  Reynolds  number.  Therefore,  the  separation  point 
is  also  independent  of  Reynolds  number.  The  same  conclusion  follows 
from  the  conclusion  that  the  non-dimensional  velocity  profiles 
are  independent  of  Reynolds  number.  A  requirement  is  that  the 
friction  coefficient  must  be  expressible  as  a  power  function  of 
Re0 .  Moreover,  the  non-dimensional  velocity  profiles  and  the 
non-dimensional  thicknesses  at  the  initial  point  of  the  boundary 
layer  must  be  independent  of  Reynolds  number. 

u  2 

If  in  (53)  Q*  =  0  is  used  as  a  boundary  condition,  r~~ 

W  JL 

oo 

fixed,  and  the  other  boundary  conditions  made  independent  of 
ReL,  a  solution  of  (48',  (50'.,  &rd  (51)  gives  )  and  thus 

l*(x*,0)  or  I*&(x*).  Under  these  conditions  I.*a(x*)  is  independent 
of  Re,.  From  the  definition  of  the  recovery  factor  r, 

Li 

u  2 

h  =  h  +  r  — (54) 
a  e  2 

it  follows  that 

u*e  u  2 

=  I*e(x*) - 2~  (1_r)  r1"  *  (55) 

00 

u  2 

Therefore,  when  y2—  is  fixed  and  the  boundary  conditions  are 

00 

independent  of  ReL,  it  follows  that  r(x*)  is  independent  of  ReL- 


13 


NOLTR  69-47 


Relation  between  boundary-layer  quantities  in  axisymmetric  and 
in  two-dimensional  flow 

From  (45),  (47),  and  (49)  it  follows  that,  with  "bars" 
dropped , 


peue 


s-i  ■v”1 


,x. 

t«w<l) 

Pp  UP  2 

(“ )  (— ) 
p  u 

^  CO  00 


(56) 


or 


w 


P  u 
Ke  e 


Re 

2  x 


n 

n+1 


n 


n+1 

,x,  ,x> 

L  T  *w  L 

pe  ue  2 

pj  u 


=  g (x/L) 


(57) 


The  R.H.S.  of  (56)  and  (57)  are  independent  of  Reynolds  number  ReL 

uoo2 

if  ——  and  the  boundary  conditions  given  by  '52)  and  (53)  are 
00 

independent  of  ReT .  Therefore,  under  these  conditions  the  L.H.S. 

J-l 

are  also  independent  of  the  Reynolds  number  ReT 

Li  • 


v  | 

The  quantity  — — ^  Re  n  can  be  written  as 


w 


P  u 
e  e 


Tr  Re 
2  x 


n 

n+1 


Tw i (■£>  ^eixl 

~~~2  <£> 
PelUel 


n 


n 


n+1 


n 

n+1 


or 


Qr.  Re 


n 

n+1 


C£  Rex 


n 

n+1 


T<v> 


n+1 


x 


-(— ) 
L  L  '  L 


n+1 


n 

n+1 


(58) 


at  corresponding  x  and  x^.  Recall  that  at  corresponding  x  and  x^, 
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=  M  ,  T  =  T  ,  and  T  =  T 
e  e^'  e  e^  w  w^ 


Also,  from  (32)  and  (33) 


and 


e 


n 

i  _  H+r 

—  Re 
X1  X1 


n 

6  „  n+1 

-  Re 
x 


L1  L  ' 


n+1 


u 


x  r 
L  (•£) 


n+1 


A  x 
d  L 


1 

n+1 


(59) 


61 

51 


n 

n+1 


6*  „ 

—  Re 
x  x 


n 

n+1 


r  n+1 

X(fW) 

L  '  L  ' 


X 


L|E  <T»n+1^  h 


1 

n+1 


(60) 


at  corresponding  x  and  x^. 

From  (25)  and  (28)  if  follows  that 


or 


Q  ^1 

w  _  w 

T  T  i 

W  iw 


(61) 


The  Reynolds  analogy  factor  is  thus  the  same  for  corresponding 
x  and  x^  locations  in  the  axisymmetric  and  in  the  substitute 
two-dimensional  flow. 

The  Stanton  number  St  is,  with  "bars”  dropped, 


St  = 


Q .  p  u  I  ReT  S 

^  *VJi  00  00  00  L 
=  °eue  ^Ia~Iw^ 


w 


(62) 


or 


St  Re,."71  =  Q,„(5t) 


w  V  ue  I*a-I*w 


(63) 
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or 


n 

IV+T  „  ,Poo.  <  ^co. 


St  Re  =  Q*  (— }  (— ) 

W*wvp  '  u  1  I*  -I* 
Ke  e  *a  *w 


:c 


n 

n+1 

<&  -  G<r> 


(64) 


u 


The  R.H.S.  of  (63)  and  (64)  are  independent  of  ReT  if  ,  and 

ij  X 

CO 

the  boundary  conditions  given  by  (52)  and  (53)  are  independent  of 


ReL  .  Therefore,  with  these  restrictions  the  L.H.S.  are  also 
independent  of  ReT . 

Li 

From  the  definition  of  St  and  with  (12),  (13),  (18),  (28), 

n 

and  (44)  ,  the  quantity  St  Re  n+1  can  be  written  as 

X 


St  Re^  =  St,  Re  "+f  (^)n  (i) 


n 

n+1 


or 


n  n 

St,  Re  n+1  =  St  Re  ^ 
1  X1  x 


fL  r 

l 


n+1 


r  n+1 

-  (— ) 

L  '  L  ' 


n 

h+1 


(65) 


By  use  of  (37) ,  there  follows 


6 


x 


1  Re 


e'TT>  ,u«ixl,HTT 


x. 


or 


ft  -JL_ 

'-i-  Re  n+1 
X1  X1 


n 


£  Re  n+1 

X  X 


X 


LW\ 


n+1 


L 


.r 

'o 


X 

E  .rW,  ^  X 


n+1 


<ir> 


1 

n+1 


(66) 
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for  turbulent  flow  instead  of  p4).  In  going  from  equation  (16) 
to  (17)  and  from  (19)  to  (20)  of  Reference  (4)  it  was  assumed  that 
a  quantity  called  "ci"  was  very  large.  This  means  that  was 
assumed  to  approach  zero.  From  (42)  or  (43) ,  this  occurs  when 
ReQ  ->  00 .  From  the  character  of  friction  formulas  (see  Ref.  5 
for  example),  n  -*■  0  as  Refj  -*■  °°  .  Then  (74)  approaches  (77). 
Consequently,  (77)  is  a  limiting  relation  for  Re0  ■*  «>. 

For  a  plate  or  cone  with  constant  surface  temperature,  the 
conclusion  from  (48)  ,  (50)  ,  (51)  ,  (52),  and  (53)  that 

0  n 

f  ReT  n^  is  independent  of  ReT  becomes 


n 


Q  _ 

— i  Re  n+^  =  const 
xx  xl  CJnstl 


and 

n 

6  n  n+1  , 

x  Rex  "  const2 

9  JL.  n 

Therefore,  — -  Re  n+1  is  independent  of  x.  and  ~  Re  n+1  is 

A  ^  X  A  A 


independent  of  x.  Consequently,  the  relation  obtained  from  (68) , 
namely, 


01  _£L.  1 

<xT>  Rexx  n+1 
-T-  =  (n+2)n+i 

(1)  Kex 

X 


(78) 


holds  for  all  combinations  of  x  and  x^  In  particular,  for  x  =  x^, 


and  Re  =  Re  (78)  becomes 

X 


e 


e 


1  =  (n+c)"71 


(79) 
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In  the  same  way 


61* 


=  (n+2) 


1 

n+1 


(80) 


From  (65)  it  follows  that  when  the  body  of  revolution  is 
a  cone, 

n  n  _  n 

St,  Re =  St  Re (n+2) 

±  A 

and  from  (66)  that, 


n 

1  ..  n+T 
—  He 


e 


x. 


X, 


-  Re 

X  X 


n 

n+1 


(n+2) 


l 

n+1 


(81) 


(82) 


From  (67)  and  (81)  it  follows  that 


St, 


St 


(83) 


or 


St 

St 


(84) 


The  relation  between  C-  and  C,  for  Re  =  Re  is  given  by  (73) ; 

r  r  ^  x 

therefore,  for  Re  =  Re  (84)  becomes 

X  x^ 


st 

st. 


=  (n+2) 


n 

n+1 


(85) 


By  dividing  (82)  by  (81) ,  then  using  (85) ,  which  requires 

=  Re  ,  and  putting  x 
X1 

to  (79)  and  (80)  ,  namely, 


Re  =  Re  ,  and  putting  x  =  x, ,  the  result  is  a  relation  similar 

X  X 
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Therefore,  from  (94)  and  (104) 


or 


(105) 


(106) 


for  equal  Reynolds  numbers  based  on  distance  along  the  surface, 

T 

equal  M0,  and  equal  =—  on  cone  and  flat  plate. 
e  Ae 

T^>  obtain  the  relation  between  the  recovery  factor  r  on  a 
core  and  on  a  flat  plate  let  the  conditions  at  infinity  for  the 
cone  boundary  layer  be  those  in  an  ..nviscid  flow  behind  the  nose 
shock  and  on  the  cone  surface.  The  boundary  conditions  (52) 
and  (53)  then  become 


u*e  =  1'  I*e  =  lf  p*e  =  const'  u*w  =  °'  v*w  =  °* 
Also,  for  the  zero  heat-transfer  case,  Q*  =  0. 

"W 

Assume  that  (48) ,  (50)  ,  and  (51)  are  then  solved  and 
I*w  =  I*a  °^ta;*-ne^’  Because  I*a  is  independent  of  ReL  it  follows 
that  for  a  cone  I*a  is  independent  of  The  transformation 

(12)  then  gives 


or 
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The  transformations  (12)  and  (18)  also  give 


u  =  u 
el  e 


where,  for  cone  and  plate  the  conditions  at  the  boundary-layer 
edge  are  the  same  as  those  at  infinity;  that  is  (  )  =  (  )<x>. 

u  2  u  ^ 

Then  I*  =  I*a,  I*  =  I*e  =  1,  u*  -  u*e  =  1,  and  {j  )  =  ^ 

1  1  1  00  x  00 

Then  it  follows  from  (55)  that  r^  =  r.  That  is,  the  recovery 
factors  for  a  cone  and  plate  are  equal.  Moreover,  because  I* 
and  I*a  are  independent  of  Re^,  r  and  r^  are  independent  of 

Rv 


DISCUSSION 

The  transformation  between  axisymmetric  and  two-dimensional 

rw 

turbulent  boundary-layer  flow  requires  that  the  function  f (~) 

Li 

in  equation  (16)  be  known.  Equation  (40)  is  a  relation  for 

3T  IT 

f  (— )  but  because  Cf^  is  unknown  until  f  (~)  is  known  the  relation 

is  not  convenient.  By  approximating  the  friction  coefficient  by 

a  power  formula  (eqs.  42  and  43)  a  convenient  relation,  (eq.  44), 

rw 

is  obtained  for  f  (-£-)  .  For  incompressible  flow,  power  formulas 
are  known  to  be  good  approximations  for  C^.  Figure  II  4  of 
Reference  5  shows  how  the  Young,  Blasius,  and  Falkner  power 
formulas  closely  approximate  the  more  involved  and  more  accurate 
Schoenherr,  Coles,  Schultz-Grunow,  and  Squire  and  Young,  friction 
formulas  over  the  range  of  Re0  between  10^  and  107. 
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* 

When  the  relation  for  f  (—)  given  by  (44)  is  applied  to  a 
Tw 

flow  m  which  Me,  =—  ,  and  H  vary  along  the  body,  the  exponent 

J-e  u 

n  remains  fixed.  That  is,  must  vary  with  Re^  in  the  same  way 

Tw 

for  the  range  of  M.,  ,  and  velocity- profile  shapes  encountered 

xe 

in  a  particular  case. 

One  method  for  obtaining  for  compressible  flow  from  Cf 
for  incompressible  flow  is  the  "reference-enthalpy  method" 

(Ref.  6).  In  this  method,  k  in  (42)  is  replaced  by  the  product 
of  k  and  a  function  of  Mach  number  and  wall-temperature  ratio. 

The  exponent  n  remains  unchanged.  Thus,  if  k  and  n  are  known 
for  incompressible  flow  the  relation  (42)  becomes 


for  compressible  flow  (Ref.  7) .  Because  the  Mach  number  and 

wall-temperature  ratio  are  the  same  at  corresponding  ::  and  x^, 
u_  pr 

(-±0  and  (-=.)  are  also  the  same.  Moreover,  introducing  a  function 
pe  pe 

of  Hu  to  allow  for  velocity-profile  shape,  as  in  the  Ludwig- 
Tillman  formula  (Ref.  8) , 


"f 

T 


.123 


-  .  o78H 


Re, 


.268 


10 


u 


still  results  in  (44)  because  H  is  the  same  at  corresponding 
x  and  x.^  because  the  velocity  profiles  are  similar  at 
corresponding  x  and  x^. 
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In  conclusion  it  is  noted  that  because  a  power  form  for  a 
friction  formula  is  approximate,  so  are  all  the  results,  including 
those  that  follow  from  non-dimensionalization  to  the  form  (48) , 

(50) ,  and  (51) .  In  contrast,  for  laminar  flow  n  =  1  exactly, 
and  all  the  conclusions  for  laminar  flow  are  exact. 
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